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Abstract
In this paper, we present a method to digitally reassemble an object to its original form given the 3D data of its component which
are assumed to be non-rigidly deformed. Targeting wooden artifacts, we developed an algorithm to deform the components
parametrically, and constraints based on the physical properties of wood are imposed on the deformation. We apply our method
to a deformed cultural asset, specifically the first solar boat of King Khufu which is made of wood.

CCS Concepts
•Computing methodologies → Shape analysis; •Applied computing → Archaeology;

1. Introduction

In recent years, the analysis of cultural properties using 3D shape
data has been widely explored. Studies on 3D modeling of real
objects have a long history in computer vision and computer
graphics research fields. The development of modeling technol-
ogy has made it possible to utilize the 3D data for the analysis
of cultural properties from fine-scale [MGW01,GTSK13] to large-
scale [IOT∗07, BMOI08]. There is also a wide demand on virtu-
ally restoring the original figure of cultural heritage assets which
have already been falling apart. Many works of the virtual restora-
tion have been presented for the objects with rigid bodies such as
lithographs and stone statues. On the other hand, the virtual restora-
tion of non-rigid materials such as wooden structures, leather, and
cloths is still a challenging task. There is an ambiguity in solving
the problem because the possible deformation is unlimited.

In this paper, we propose a method of non-rigid 3D shape as-
sembly for virtual restoration of cultural heritage assets by a low-
dimensional deformation model and inherent physical constraints
of the target material: wood. To solve such an ambiguous prob-
lem, we need a low-dimensional searching space for the estimated
parameters and constraints for the parameters in the space. More-
over, the registration process needs an error metric that considers
the physical contacts between the assembly parts.

Our target is the ancient wooden boat "Solar Boat of King
Khufu." The boat had been buried in the south side of the great
pyramid in Giza. The boat was discovered in 1954 in a disassem-
bled state. The boat is a huge wooden structure with an overall
length of 42.32 meters, an estimated 50 tons. The boat was recon-
structed by physically assembling the parts and is currently exhib-
ited at the museum. However, unfortunately, the entire shape of the

boat is slightly distorted, and there are gaps between the parts as
shown in Fig. 1. It is because that each part is joined not by nails,
but by ropes passing through holes carved in the part, and the parts
are slid and deformed by its weight. Therefore, we attempted to re-
store the whole 3D shape of the boat by the non-rigid 3D shape as-
sembly method. Here, the adjacent relations of the parts are known,
but the parts are moved and distorted. The gaps between parts are
filled to refine the entire shape by estimating the rigid and non-rigid
transformations of the parts in virtual 3D space.

Figure 1: The first solar boat of King Khufu exhibited at the Giza
solar boat museum.
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2. Related Work

A lot of research has been done in the field of digital heritage to
restore what has become broken pieces to its original form. Pa-
paioannou et al. [PKT02] restore 3D objects by using the depth
map after classifying the faces. Koller et al. [KL05] are restoring
by annotating the location and direction of the feature, calculat-
ing the match of each fragment, and searching for fragments with
high matches as adjacent fragments. The feature of fracture surface
is often used for reconstruction [BTFN∗08, HFG∗06, VVSB14].
Zhang et al. [ZYM∗15] utilized template guidance with feature-
based matching methods. There is a method based on spectral an-
alyzing [AMK14], machine learning [TFBW∗10, FSTF∗11], and
genetic algorithm [SF17]. These existing methods are intended for
rigid bodies such as stone statues or vases and are not suitable for
restoring archaeological relics which deformed non-rigidly.

When non-rigid deformation occurs on data to be assembled,
it should not be arbitrarily deformation, thus it should be pos-
sible to model with some assumptions and constraints. Rohlfing
et al. [RMBJ03] performed non-rigid registration to hold the vol-
ume of the object. A method of preserving volume as a deforma-
tion method for 3D modeling has also been proposed by Lan et
al. [LYHG17]. Lin et al. [LRQG13] enabled constraints on topol-
ogy preservation by allowing the force of the spring to act between
vertices of the mesh. Ma et al. [MZY16] preserved the global shape
and the local shape of the object while deforming. In this way, re-
strictions on deformation have been added in consideration of the
surface shape, volume, topology, and the like, but restrictions con-
sidering deformation characteristics of substances have not been
added.

3. Deformation Model of Assembly Parts

3.1. Approximate 3D Object by Parametric Curve

To simply describe 3D objects, we extract skeletons from their
point clouds. In order to extract the skeleton, we utilized the method
first described by Huang et al. [HWCO∗13]. The obtained skeleton
point cloud representing the center of the shape is approximated by
a B-spline curve (Fig. 2). Using a spline curve, we can smoothly
deform the object using a few control points and the global feature
of the curve can be considered as the global feature of the object.
Here we use a B-spline curve with a uniform open knot vector.
Using B-spline basis function (2), the discrete points c(t̂) of the ρ
order spline curve are calculated as equation (1), where ti is the
knot vector, pi is the control point of the spline curve and ns is the
number of control points.

c(t̂) =
ns

∑
i

bi,ρ(t̂)pi (1)

bi,ρ(t̂) =
(t̂ − ti)

ti+ρ−1 − ti
bi,ρ−1(t̂)+

(ti+ρ − t̂)
ti+ρ − ti+1

bi+1,ρ−1(t̂)

bi,1(t̂) =

{
1 (ti ≤ t̂ ≤ ti+1)

0 (otherwise)

(2)

Figure 2: Global schema of the deformation model.

Figure 3: In the case of a flat sawn board, the direction of the first
principal component is the fiber direction, the thickness direction
is the radial direction, and the other is the tangential direction.

3.2. Curve Based FFD

Deformation of the component is described with FFD [SP86] mak-
ing use of a spline curve approximating a skeleton. The Local
Reference Frame (LRF) is defined at discrete points on the spline
curve, and the vertices of the component are deformed by using the
LRF as the FFD coordinate system. We use the direction of the ob-
ject for defining the coordinate system so as to make it a coordinate
system that takes into account the anisotropy of the material such
as fiber direction of the wood. It is considered that wood was cut as
a flat sawn (Fig. 3) because it would be easier to gain more boards
by cutting as a flat sawn than quarter sawn. Hence, in this study,
the slabs are considered as flat sawn. Principal component analysis
(PCA) is performed on point clouds constituting objects to obtain
eigenvectors of the board, the fiber direction, the tangential direc-
tion, and the radial direction. We define orthonormal bases L j,1,
L j,2 and L j,3 representing three axes constituting the LRF of the j
th discrete point c j of the spline curve as

L j,1 =
c j+1 − c j

∥c j+1 − c j∥
L j,2 =L j,1 ×L j,3

L j,3 =
V3 − (L j,1 ·V3)L j,1

∥V3 − (L j,1 ·V3)L j,1∥

(3)

where V1, V2 and V3 are the eigenvectors from PCA. With the near-
est spline discrete point c j and its LRF, the vertex X of the object
are calculated as X = c j + sL j,1 + tL j,2 + uL j,3 where s, t and u
are the local coordinates at the LRF. We alter the discrete point and
its LRF in relation to the change of the control points of the spline
curve and recalculate the vertices of the object. Because the local
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coordinates are linked to the directionality of the object, our defor-
mation method materializes anisotropic scaling by controlling the
magnification of local coordinate variation. The vertex coordinate
Xd of the deformed object is obtained as follows with the ratio r2
and r3 of the anisotropy of the material

Xd = ć j + sĹ j,1 +(1+ r2m)tĹ j,2 +(1+ r3m)uĹ j,3 (4)

where ć is the discrete point on the spline curve after deformation, Ĺ
is the recalculated LRF on ć, and m is the scale factor of the length
of the spline curve comparing initial state with after deformation.

4. Non-Rigid Body Assembly

We perform global optimization employing weighted distance in-
dicator and constraints to reassemble the original object. The term
related to the non-rigid registration is set as a cost term Ereg, and
the term Econs relating to deformation constraints is provided as
a constraint term. Constraint terms are introduced in order to per-
form nonlinear optimization under range conditions expressed by
threshold based on archeological knowledge and physical proper-
ties. The evaluation function is defined as E = Ereg +Econs. The
variables to be optimized are the control points p of the spline
curves. As the control points change, the spline curve and LRF
change, and the object translates and deforms accordingly. By ap-
plying the Levenberg-Marquardt method [Mor78] to function E,
we optimized the control points p of all components simultane-
ously.

4.1. Distance Metric on Surface Boundary

We introduce a weighted distance as the distance metric for the
purpose of imposing a large penalty when the 2.5D data overlap
with each other. It is difficult to make a collision determination in
a situation where two or more 2.5D data are approaching. We deal
with penetration problem by projecting data onto 2D. Collision de-
tection and penalizing the distance when assembling 2.5D data is
performed as shown in Fig. 4. Let xi,k and xí,k be the k-th cor-
responding points between component i and í. Point cloud of the
component in the vicinity of each corresponding point is projected
onto the locally fitted plane. The boundary points of each part are
gained by concave hull method based on alpha shape [EKS83]. The
overlap of adjacent parts is detected on 2D by counting the wind-
ing number of the points and the boundary. If overlap is detected
within radius λ around corresponding point, the distance between
corresponding points is penalized and this leads to separating parts
from each other. Terms related to alignment are defined for the pur-
pose of matching every pair of adjacent components equally. Let
Np be the number of pairs of adjacent components and Ni,í be the
number of corresponding points between component i and í. The
term Ereg relating to registration is defined as

Ereg =
1

Np

Np

∑
i,í

1
Ni,í

Ni,í

∑
k

d(xi,k,xí,k) (5)

With penalty constant p(> 1), weighted distance is defined as

d(x, x́) =

{
p∥x− x́∥ (penalyzed)
∥x− x́∥ (otherwise)

(6)

Figure 4: The boundary points of the parts are projected on the lo-
cally estimated plane. If overlap is detected around the correspond-
ing point, the distance between corresponding points are penalized
with penalty constant p.

Figure 5: The constraints on deformation. Total scaling, uniform
scaling of the spline curve and smooth deformation about bending
of the spline curve.

4.2. Constraints Based on the Physical Properties of Wood

Based on the physical properties of the wood, we add constraints on
deformation of the object during non-rigid registration. Constraints
consist of three elements (Fig. 5): the total scaling of the curve
approximating the object, the uniform scaling of the curve, and the
smooth deformation with respect to bending. By using the three
objective functions, we define Econs as the constraint term for non-
rigid assembling (7), where wt , wu and ws are the weights of the
respective constraint term.

Econs = wt ftotal +wu funi f orm +ws fsmooth (7)

Here we introduce a representation of constraint terms using thresh-
olds to perform optimization with range conditions. By using the
sigmoid function ζa(x) with the gain a, the evaluation value in-
creases if the threshold is violated. If it is within the threshold value,
the evaluation value is close to 0.

• Total Scaling

We constrain the change of the global length D=∑n−1
j ∥c j −c j+1∥

of the curve. n is the number of the discrete points of the spline
curve. The length of the spline curve approximating the object is
treated as the length of object. Let D̃i be the length of the initial
state, Di be the length after deformation of the component i, and DT
be the threshold value for the length. The objective function about
total scaling is expressed as Equation (8) where N is the number of
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components.

ftotal =
N

∑
i

ζa(|
Di

D̃i
−1|−DT ) (8)

• Uniform Scaling

We define a constraint term for uniformity of deformation using
local ratio l = ∥c j−c j+1∥

D . Equation (9) shows the objective function
of uniform scaling. li, j is the local ratio of the component i and l̃i, j
is that of the initial state.

funi f orm =
1
N

N

∑
i

n−1

∑
j

|li, j − l̃i, j|
n−1

(9)

• Smooth Deformation

We restrict the bending of the object. In order to avoid influencing
the posture change of the object, we compare the posture differ-
ence of the LRF of the adjacent discrete points with that of the
initial state. The rotation matrix R j which expresses the difference
between the attitudes of discrete point c j and c j+1 is calculated as

R j =
(
L j+1,1 L j+1,2 L j+1,3

)× (
L j,1 L j,2 L j,3

)T . (10)

Rewrite the obtained rotation matrix R j as a combination of the
rotation with respect to each axis of the LRF. This makes it possible
to think posture change linked to the directionality of the object.
The rotation angle θ j,1, θ j,2, and θ j,3 at each discrete point with
respect to the three axes of the LRF is calculated as

min
θ j,1,θ j,2,θ j,3

∥R j − r(L j,1,θ j,1)r(L j,2,θ j,2)r(L j,3,θ j,3)∥ (11)

where r(a,θ) is a rotation matrix that rotates by θ around axis a.
Since the change of the rotation angle θ regarding each axis of the
LRF corresponds to the bending of the object in each direction,
bending and twisting can be suppressed by imposing restrictions
on the change of θ. The threshold for the change in angle is set to
θT1 , θT2 , and θT3 . θ̃i, j,1, θ̃i, j,2 and θ̃i, j,3 is the initial rotation angle,
θi, j,1, θi, j,2 and θi, j,3 is the rotation angle of the discrete point c j of
the component i after deformation. The objective function on the
bending is expressed by Equation (12).

fsmooth =
N

∑
i

n−1

∑
j

3

∑
k

ζa(|θi, j,k − θ̃i, j,k|−
θTk

n−1
) (12)

5. Virtual Restoration

5.1. Archaeological Knowledge and Experimental Settings

We utilized the state displayed at the museum as the initial posi-
tion of optimization. The experiment was carried out on the hull
which determines the general shape of the boat. We do not deal
here with detecting corresponding points automatically but man-
ually pick them because adjacent components and corresponding
holes of tenon joint are clarified.

Due to the change in the moisture content, timber occurs
anisotropic expansion and shrinkage related to the direction of the
fiber of wood. In general cases, the ratio concerning scaling in each
direction is about 1: 5: 10 with respect to the fiber, radial, and tan-
gential direction [Sad96]. This ratio is employed as the ratio r2 and

Figure 6: Initial states and virtual restoration results.

r3 concerning the anisotropy described in Equation (4). It is mea-
sured that the moisture content of the wood of the second boat is
18%, and it can be presumed that 0.5% shrinkage occurs towards
the fiber direction. We employed this value as threshold for global
length swelling DT = 0.005, and experimentally threshold values
for bending were set as θTk = 30 degree. The parameters of spline
curve were set as the number of control points ns = 4, the order
ρ = 4 and the number of discrete points n = 100. wt , wu and ws are
set to 0.3, 0.3, 0.1 respectively and penalty constant p = 5.

5.2. Results

Fig. 6 shows the result of virtual restoration. Although it is impos-
sible for some pairs of components to match with each other simply
employing rigid assembling, we could shorten the distance between
corresponding points and fill gaps. It is a future work to construct
deformation and optimization methods that can assemble objects
that have more complex shape in order to apply to other cultural
assets.

6. Conclusion

In this paper, we have proposed the method to reassemble partial
3D data of objects which deformed non-rigidly, focusing the solar
boats of King Khufu. The deformation of the object is described
parametrically and anisotropically. The distance metric makes it
possible to avoid physical contact of the objects, and constraints
are imposed on deformation considering the nature of the material.
The proposed method performs virtual restoration of the first solar
boat of King Khufu while the components deform non-rigidly. The
result of virtual reassembling of the first boat would be beneficial
for the virtual restoration of the second boat.
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