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ABSTRACT

This paper presents a method of automatically determining
dense and smooth mapping between two images without a
priori knowledge of either the camera pose or objects. In or-
der to find plausible correspondences, images are first con-
volved with a set of linear filters similar to those that are
used in early vision. The vector fields consisting of filter
responses are then matched with each other by minimizing
the cost function which expresses the similarity of trans-
formed images and mapping smoothness in a multiresolu-
tional hierarchy. Since a point in one image can correspond
to its counterpart far away, globally optimized mapping may
result in strong local distortion. Such distortions are pre-
vented by guaranteeing the convexity of mapping in non-
linear optimization. In this paper, certain experimental re-
sults are discussed for various data sets, including images of
slightly rotating objects, human faces, texture patterns and
volume data sets, to demonstrate the usefulness of the pro-
posed method.

1. INTRODUCTION

The goal of our research is to find per-pixel correspondence
between two images without depending on either the cam-
era pose or objects. Determining the correspondence be-
tween two or more images is one of the most common and
well-studied problems in computer vision. Even if we take
into consideration such constraints on given images as epipo-
lar geometry, constant reflectance or small changes between
images, it is difficult to find correct correspondences.

When no information on what appears in given images
is available, the difficulties in solving the correspondence
problem consist of two parts. One is the selection of fea-
tures by which the desirable correspondence between im-
ages is defined. Since the corresponding points may differ
in their image intensities, it is essential to define the simi-
larities between the images in a plausible manner. Another
difficulty involved is how to prevent the mapping from be-
ing converged into a local minimum without such defects

as strong distortion when the images come with numerous
features and distant correspondences.

In this paper, we present a method for eliminating the
above-mentioned difficulties. The rest of this paper is orga-
nized as follows. After summarizing related work in Sec-
tion 2, the problems to be solved are formulated as mini-
mization of a certain cost function in Section 3. The con-
crete objective function is defined in Section 4, and then the
method of minimizing the function preventing the mapping
from being distorted is proposed in Section 5. Details of
the algorithm are presented in Section 6, and the results ob-
tained by applying our proposed method to various data sets
are shown in Section 7. Finally the conclusion is provided
in Section 8.

2. RELATED WORK

A broad range of techniques has been developed for various
types of data and conditions. In this section, we summarize
previous work related to correspondence problems between
images.

Optical flow

Algorithms for determining optical flow embody a set of
simplifications which may be violated in practice [1]. The
fundamental constraint most commonly used in optical flow
estimation is

Ixu + Iyv + It = 0 (1)

where image intensity I is parameterized over the image co-
ordinate x,y and time frame t, and u, v are the unknown mo-
tions to be estimated. Since equation (1) is satisfied only
when the differences between the images are sufficiently
small, systematic errors are conspicuous when u and v are
large. Moreover, in the estimation of optical flow, the cor-
responding points are supposed to have the same intensity.
These facts disable resolving our problems by the method
of estimating optical flow.



Image matching taking advantage of a priori knowledge

When prior information on the image concerned is avail-
able, it is possible to reduce the dimensions of the space
in which correspondence is computed. For instance, tech-
niques for stereo photogrammetry take advantage of the con-
straint of epipolar geometry and reduce the space of the cor-
responding point to one dimension [2]. In the automatic
matching of face images [3, 4] or medical images [5], the
images to be matched need to have the same shape and in-
tensity distribution. Moreover, the objects in the image may
be characterized by a small set of parameters, which makes
it feasible to robustly find the correct correspondence.

Unconstrained image matching

Shinagawa and Kunii proposed the method of automatically
matching images using only intensity as a constraint [6]. A
set of nonlinear filters, called critical point filters (CPF), are
used to extract image features, and dense correspondences
between images are then estimated in a multiresolutional
hierarchy. This method works well for the images of ob-
jects with similar intensity distribution. In general, how-
ever, parts of the images in different colors do not match
since the criteria used to match images is the difference in
intensity itself though nonlinear filters are applied. In addi-
tion, the presence of noise in the image can easily disrupt
matching because CPF sensitively responds to the peak and
pit of the intensity.

Based on the computational framework used in [6], we
have proposed the use of a filter bank which extracts fea-
tures that are more robust to the nonconformity of intensity.

3. PROBLEM FORMULATION

Let I : D → V be an image color distribution, where D is a
set of pixel coordinates and V is the space of pixel values.
The problem to be solved is then formulated as the estimate
of optimal mapping m : D → D from images I src to Idst in
the sense that an appropriate measure ε2

D which expresses
the difference between Isrc(m(·)) and Idst(·) is minimized.
We allow the images to be up-sampled, hence the resolution
of D may be higher than that of pixel grids. In addition,
mapping is restricted to a bijection, that is, m−1 is uniquely
defined at any point in D.

Hereafter we mainly discuss the method of matching
two dimensional gray images for simplicity, although our
framework can be applied to two and three (and probably
more) dimensional color images, as shown in Section 7.

Fig. 1. The filter bank used to generate feature vectors. We
used 24 filters composed of first and second partial deriva-
tives of Gaussian, with 4 scales, in 2 and 3 orientations for
the first and second derivatives respectively. The filters have
zero mean and each of them is divided by its L1 norm for
scale invariance.

4. DEFINITION OF OBJECTIVE FUNCTION

4.1. Feature extraction

In order to solve correspondence problems, the algorithm
attempts to match features in one image with corresponding
features in the other. The intensity of pixels in an image
should not be used directly since the corresponding pixel
may have different intensities in the concerned problem.
Unlike other correspondence problems in computer vision
like stereo photogrammetry, we may have to find the corre-
spondence between points on two unrelated objects. Never-
theless, matching is expected to appear natural to humans.
This observation implies that it is helpful to apply the fea-
ture detector actually used in human vision.

Similar to the method in [7], we use partial derivative of
a Gaussian which well approximates visual receptive fields
in early vision [8]. When the two dimensional images are
matched, we use a set of rotated Gaussian derivative filters
Kσ,n,θ defined as

Kσ,n,θ(x, y) = G(n)
σ (x cos θ − y sin θ) ×G(0)

σ (x cos θ + y sin θ)
(2)

where G(n)
σ is the n-th derivative of a Gaussian with standard

deviation σ.
If some of the filters in a filter bank have linear depen-

dency, filter response may be redundant. By applying sin-
gular value decomposition to the matrix consisting of the
vectors of filter kernels, the number of bases required for
n-th Gaussian derivative will be n+ 1 [9]. Based on this, we
used 20 filters consisting of two first derivatives and three
second derivatives of Gaussian with four different spatial
scales, as shown in Fig. 1.

At the beginning of the image matching, a filter bank



F = {Fi}(i = 1, . . . ,Nf ) composed of Kσ,n,θ with Nf differ-
ent parameter settings is applied to each of the given images,
and then the filter responses are stored in the form of vec-
tor fields with the same size as the original images. We call
this vector field feature vector field. The correspondences
between images are determined by only the fields.

4.2. Composition of objective function

Optimal mapping m from I src to Idst is estimated by max-
imizing the similarities between Isrc(m(·)) and Idst(·) under
an appropriate constraint on the regularity of the mapping.
This problem can be formulated by the objective function
concerning the similarity of transformed images and map-
ping smoothness.

The first criterion refers to the matching quality of the
entire region of the images. That is, the objective function
ε2D for the similarity is defined as

ε2D =

∫
p∈D

Nf∑
i=1

ρD

((
Fi ∗ Isrc

)
(p) −

(
Fi ∗ Idst

)
(m(p))

)
(3)

where the operator ∗ denotes the convolution and ρD is the
M-estimator [10] which is robust for the perturbations of
feature vectors. In our implementation, Lorentzian function

ρ(x) = log
(
1 +

1
2

( x
σ

)2)
(4)

is used as the M-estimator. ρD is defined by the sum of
equation (4) with the scale σ = σD for all elements of Fi ∗ I.

The second criterion is based on the regularity of the
mapping. Although the feature vectors defined in Section 4.1
may have sufficient information for determining the corre-
spondence uniquely, regularization is essential since it is
impossible to determine the mapping where the image in-
tensity is constant. The objective function ε2

S reflecting the
smoothness of the mapping m = (m1, . . . ,mdimD) can be de-
fined as

ε2S =

∫
p∈D

dimD∑
d=1

ρS

(
∇md(p)

)
(5)

where ρS is the robust M-estimator that returns the sum of
Lorentzian with scale σS for all elements of ∇md in our
implementation.

By combining equation (3) and equation (5) with the
weighting parameter α2, the objective function ε2 to be min-
imized is defined as follows.

ε2 = ε2D + α
2ε2S (6)

The parameter α2 is used to regularize mapping in the re-
gion where the color is nearly constant, hence α2 can be
small. The parameter σS should be sufficiently large since
the difference of the features is the only cue to determine
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Fig. 2. Possible configurations of four vertices which form
a square in one image and are transformed by the estimated
mapping. Only pattern (a) is allowed in our method.

the correspondence in our problem. The parameter σD is
heuristically selected in our experiments, for instance 5%
of image width.

5. MINIMIZATION OF OBJECTIVE FUNCTION

In general, it is difficult to find the optimal parameter α2

since the difference between images can be so large that
global matching may cause such local distortions as twists
and flips in the mapping which violate our assumption on
bijectivity. We prevent the mapping from being distorted by
imposing restrictions for the mapping to preserve its local
convexity.

When the four vertices of a small square in I src are mapped
into Idst by m, the possible configurations of these four ver-
tices are as shown in Fig. 2 since different points are mapped
to different points due to the bijectivity of the mapping. In
the determination of mapping m, we ignore patterns (d) and
(e) because bijectivity is broken inside or near the quadri-
lateral. Note that even if we ignore the mapping in patterns
(d) and (e), it is still feasible to produce the mapping be-
tween the images containing occlusions by accounting for
the mapping that shrinks or enlarges the squares. We also
prohibit the mapping in patterns (b) and (c), because once
these mappings are generated, the mapping around the point
indicated by 2 is strongly restricted, which leads to a local
minimum in the optimization. Consequently, we allow only
the mapping consisting of the local transformation in pat-
tern (a). This condition is called convexity condition.

In order to determine mapping which satisfies the con-
vexity condition as a whole, each correspondence in the
mapping is determined so that the local convexities are pre-
served. This can be achieved by restricting the area where
the correspondence is sought as follows. When a point p x,y

in Isrc, illustrated by a white point on the left in Fig. 3, is
mapped into Idst by a mapping m, the convexity of m is
maintained as long as m(px,y) is mapped into the quadrilat-
eral formed by m(px+∆x,y), m(px,y+∆y), m(px−∆x,y) and m(px,y−∆y)
as illustrated on the right in Fig. 3. Since m(px,y) affects the
convexity of only adjacent quadrilaterals, whole convexity
of m is guaranteed by beginning with a convex mapping as
an initial estimation and modifying it so that the local con-
vexity is maintained.
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Fig. 3. Search area for single correspondence. The convex-
ity of mapping is maintained as long as each point m(p x,y) in
a source image (a white point on the left) is mapped into the
quadrilateral formed by m(px+∆x,y), m(px,y+∆y), m(px−∆x,y)
and m(px,y−∆y) as illustrated by a hutched area on the right.

6. IMPLEMENTATION

The geometrical constraint introduced by convexity condi-
tion makes it difficult to determine all correspondences si-
multaneously. Instead, we have adopted a sequential method
similar to that used in [6]. For each point p in I src, we cal-
culate the cost functions for all possible correspondences
which satisfy convexity condition, and then choose one of
the correspondences whose cost is the minimum. The point
p to be modified is chosen in a random order to avoid the
bias in obtained mapping.

The minimization of the objective function ε2 is carried
out in multiresolutional hierarchy to reduce the risk of the
mapping’s falling into local minima. Before determining
the mapping between images, the feature vector fields gen-
erated using the filter bank are repeatedly down-sampled
into half the size of the original, that generates pyramids
of feature vector fields in different resolutions. We start in
the lowest resolution and propagate the calculation toward
the highest resolution in turn, using an optimized mapping
in a resolution as an initial estimation in the next. In each
resolution in the pyramid, the mapping is refined iteratively
until the minimization is converged.

Given image colors as inputs, we apply the filter bank
defined in Section 4.1 to each color channel in the images
separately, and then concatenate obtained feature vector fields
into a single field. For instance, if the images are RGB
color, we generate the feature vector field composed of 60-
dimensional vectors, while gray image yields 20-dimensional
vectors.

In our current implementation, the integral in ε 2 is dis-
cretized and replaced by a summation for all pixels in source
image Isrc. On the other hand, the domain and range of map-
ping m is discretized into sub-pixels. In general, the smaller
size of sub-pixel yields the better mapping, but leads to the
larger computational cost. We set the size of sub-pixel to be
0.1 to 0.5.

(a) mean (b) CPF (c) ours

Fig. 5. Comparison of estimation robustness. The figures
present intermediate images between Fig. 4 (a) and 10%
brightened (b). Mappings between the images are obtained
using (a) mean filters, (b) CPF [6] and (c) our proposed fil-
ters.

CPF ours

Fig. 6. Comparison of the mapping generated by CPF [6]
(left) and ours proposed method (right). Flipping and twist-
ing of the local correspondence are observed in a circle on
the left.

7. EXPERIMENTAL RESULTS

7.1. Application to various images

Fig. 4 shows the results of matching between two images of
an object which is slightly rotated. The resolution of the im-
age is 1282. Fig. 4 (a) and (b) show the input images. Fig. 4
(c) is the mapping determined by our proposed method.

In Fig. 5, robustness of our method to the perturbation of
image intensities is compared. The mapping between Fig. 4
(a) and 10% brightened (b) was estimated by using mean
filter, CPF [6] and our proposed filters, then intermediate
images are generated by obtained mappings. Since mean
filter and CPF are directly affected by the change of image
intensity, resulting mappings are totally disrupted, while our
method yields a plausible mapping.

We also compared our proposed method with others in
terms of quality of mapping generated from the images used
in Fig. 4. In Fig. 6, some flips and twists of pixel can be ob-
served in the mapping calculated by [6], while our mapping
maintains local smoothness.



(a) input (Isrc) (b) input (Idst) (c) determined mapping

Fig. 4. Example of mapping determined by our algorithm. Given (a) and (b) as inputs, mapping (c) between them is
calculated. The mapping is illustrated by needle diagram.

In Fig. 7, the results of automatic morphing of three dif-
ferent persons are shown. The resolution of the images is
2563. The mappings between (a) (c) and (c) (e) are cal-
culated separately. Note that the middle person wears the
glasses, which is successfully ignored.

Our algorithm was applied to texture metamorphosis as
shown in Fig. 8. The size of the texture images is 2563. The
result is similar in quality to those generated by the semi-
automatic method proposed by Liu et al. [11], while ours
are automatically generated.

We have extended our algorithm to the registration of
three dimensional images (volumes). The filters used to
extract features are partial derivatives of three dimensional
Gaussian functions, and the mapping is calculated so that
the small hexahedron shaped by adjacent eight points is kept
convex. Fig. 9 shows the result of registration for the brain.
In the figure, (a) and (b) are the volumes of human heads
in 1283 resolution obtained by MRI (Magnetic Resonance
Imaging). The correspondence between the volumes are
calculated by our proposed method, and then the volume (a)
is transformed into (c) by trilinear transformation, without
blending (a) and (b). The volume is visualized by isosurface
rendering with an appropriate isovalue and lighting.

7.2. Performance

We implemented the proposed algorithm on a PC with Pen-
tium3 1GHz and 768MB memory. Table 1 compares the
comparison of the matching speed (measured in seconds)
and matching quality (measured by sum of the squared dif-
ferences of intensities) with the method in [6]. The re-
sult shows that the quality of mapping has improved, while
the speed of calculation has increased by about five times,
which depends on data owing to iterative minimization.

(a) Isrc(p) (b) Idst(p) (c) Isrc(m−1(p))

Fig. 9. Registration of MRI images of human heads. Isosur-
face of volumes are visualized with slightly different isoval-
ues. (a) and (b) are the volumes of the head of two different
persons. (c) is the volume (a) registered into (b) with the
mapping determined by proposed method.

8. CONCLUSION

We proposed a method of automatically determining dense
and smooth mapping between two images without a priori
information on either the camera pose or objects. In or-
der to determine plausible correspondences even between
different images, features of images are extracted by linear
filters similar to those used in early vision. We applied our
method to various data sets and showed that our method
works better than existing methods when intensity changes
or difference between images is large.
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(a) input (b) (a)+(c) (c) input (d) (c)+(e) (e) input

Fig. 7. Blending of human faces. (a), (c) and (e) are inputs. (b) and (d) are generated from adjacent images.

Fig. 8. Texture metamorphosis. The sequence is automatically generated given the left-most and right-most images as inputs.

Table 1. Comparison of performance. The left column in
each cell shows the execution time (seconds) and the right
shows the sum of the squared differences of intensities.

[6] proposed method
data (size) time error time error

boxes (1282) 2.1 6.0 × 106 8.5 5.0 × 106

textures(1282) 2.0 3.8 × 108 10.7 1.6 × 108

faces (2562) 8.2 1.3 × 108 51.3 1.1 × 108

brains (1283) - - 8823 1.2 × 1010
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